The excitation of spiral bending waves at a secular vertical resonance in a particle disk is examined. These waves are one-armed spirals of very long wavelength that are launched at sites where a secondary's nodal regression rate matches that of the disk. Nodal bending waves usually propagate radially outward as leading waves from a secular resonance exterior to the perturber, and inward as trailing waves from a secular resonance that lies interior. Their pattern speed is negative, so the spiral pattern rotates in a retrograde sense. The waves carry negative angular momentum but very little energy, and their excitation can damp the inclination of the secondary. Here we apply this theory to the case of two mutually precessing planets orbiting in a particle disk and compare their damping rate with the more familiar inclination excitation due to mean motion vertical resonances. We suggest that under certain circumstances, nodal wave damping may be an important element in maintaining planetary and/or embryo orbits in a nearly coplanar state.
INTRODUCTION
The generation of spiral waves in disk-satellite systems can cause a rapid redistribution of the angular momentum content of the disk, as well as that of any orbiting satellites. Numerous examples of this phenomenon exist in Saturn's rings, which exhibit both spiral density and spiral bending waves that are launched by orbiting satellites. The gaps in these rings suggest a history of angular momentum exchanges between ring material and satellites, and similar exchanges are expected in planet-forming disk systems. This paper continues an investigation of the variation of a secondary's inclination due to its interaction with a selfgravitating disk and examines the possible role of the m = 1, nodal spiral bending waves as a damping mechanism. One of the main motivations of this study is to determine whether and under what circumstances the associated torques can counter the excitation of the perturber's inclination from the external vertical resonances (VRs).
This problem was examined by Borderies, Goldreich, & Tremaine (1984, hereafter BGT84) in connection with ringsatellite inclinations. The interaction is principally at the sites of inner vertical resonances (IVRs) and outer vertical resonances (OVRs), where the vertical oscillation frequency of disk material, (r), equals a Doppler-shifted forcing frequency, m|(r) À ps |, with (r) being the mean motion of disk material and ps representing the pattern speed of a particular inclination term of the Fourier-expanded disturbing potential. The disk response is to launch an m-armed spiral bending wave (Hunter & Toomre 1969; Shu, Cuzzi, & Lissauer 1983) , and the reaction torques from resonances falling interior and exterior to the orbit [i.e., the external resonances at r r % a(1 AE 4/3m); see Fig. 1 ] were shown by BGT84 to be capable of exciting the satellite's inclination.
A similar situation had been shown to exist for a perturber's eccentricity (Goldreich & Tremaine 1980, hereafter GT80) . On the other hand, in a stellar context, Thorne (1968) concluded that cooperative effects within a thin, differentially rotating disk of stars augment the dynamical friction experienced by a massive particle (such as a molecular cloud complex), thereby damping its epicycle motions. A likely resolution was offered by Ward (1988) and Artymowicz (1993) , who showed that m > 1 Lindblad resonances fall into two broad categories regarding their effect on the secondary: the external resonances considered in GT80, and co-orbital resonances (nearly) at the secondary's orbit a that damp its eccentricity, e s . For a smooth disk surface density, , through the region of interest, the co-orbital resonances dominate and the eccentricity decays. A similar circumstance was then shown to prevail for VRs (see Fig. 1a ), with the likely damping of the secondary's inclination (Ward & Hahn 1994; Artymowicz 1994) .
Nevertheless, the analysis of GT80 is apropos to a growing embryo or planet that eventually opens a gap in the disk by cannibalizing it, shepherding it, or both. This progressively shuts off the co-orbital resonances, and another source of damping must be sought if a low eccentricity or inclination is to be maintained. GT80 pointed out that torques associated with corotation resonances (CRs) [where the mean motion matches the pattern speed, (r) = ps ] may still provide eccentricity damping and could slightly dominate if they do not saturate (but see also Goldreich & Sari 2003 for a counterexample). Unfortunately, there is no analogous behavior at corotation sites in the inclination problem that could continue to oppose excitation by the external VRs. Instead, the resonant term simply adds a constant contribution to the vertical restoring force at the CR with no other effect, and BGT84 were unable to identify any other process to damp satellite inclinations. This would also appear to apply to planets or planetary embryos in a primordial planetesimal disk, and yet the nearly coplanar nature of our own planetary system is clear testimony that large inclinations were not excited by disk interactions.
The m = 1, nodal wave is a particular type of spiral bending wave due to a VR where the disk's nodal precession rate s(r) (r) À (r) matches the pattern speed of the forcing term. An example is the nodal wave train observed in Saturn's C ring generated by a mixed e-I term in Titan's potential with pattern speed ps = T À T À T % À T , where the subscript '' T '' refers to Titan and T is its epicycle frequency (Rosen & Lissauer 1988; Rosen 1989) . Our interest here is the spiral bending wave launched at a secular resonance; strictly speaking, these resonances are of the same category as the co-orbital IVRs and also damp the inclination. However, their location is sensitive to non-Keplerian portions of the gravitational potentials and, depending on the environment, can still lie in the disk outside of a gap around a secondary (see Fig. 1b ).
The theory of bending waves is reviewed in x 2 and applied to an inclination secular resonance. In x 3, we consider how to locate the secular resonance site and take as a particular case two mutually precessing objects surrounded by a particle disk. The damping of the perturbers' mutual inclination is quantified in x 4, where we also compare the disk torques arising from the secular resonances with the suite of external VRs in the disk. Our findings and their implications for disk-planet systems are then summarized in x 5.
NODAL BENDING WAVES
Consider a secondary mass M s having a semimajor axis a orbiting inside a particle disk. The secondary's orbit is inclined by an angle I s with respect to the disk midplane, and for convenience the orbit is assumed circular. The particle disk has a surface density (r) and is assumed to be semi-infinite. The secondary's gravitational potential may be expanded in the Fourier series ' s ðr; ; z; tÞ ¼ Re
where (r, h, z) are the usual cylindrical coordinates and t represents time. Each Fourier component forces the disk with a pattern that rotates at angular velocity
where s is the secondary's angular velocity and s is its vertical oscillation frequency (see, e.g., Shu et al. 1983 ).
Wave Amplitude
The disk can be regarded as a thin slab experiencing vertical displacements Z(r, h, t) due to the secondary's perturbations. The equation for the disk's vertical motion is
(Hunter & Toomre 1969) . The vertical acceleration of disk material due to the primary and the axisymmetric (m = 0) portion of the secondary's potential is represented by À 2 Z. The secular resonance is excited by terms in the Fourier expansion of @' s /@z having a pattern speed independent of s . To lowest order, only the terms with l = 0 and m = 0 or m = 1 in equation (1) The case where m = 1. For the faster pattern speed there is no IVR, because s < 0 while ps > 0. However, the corresponding OVR is still in the vicinity of the planet. For the slower term, the pattern speed is much less and negative. The magnitudes of |s s | and |s| are shown schematically, with |s| increasing as the planet is approached. The IVR is where s = s s , the site of a secular resonance. This could occur on both sides of the planet's orbit. Trailing waves are launched from an inside resonance, leading waves from an outside resonance. However, there is no CR or OVR for a negative pattern speed.
yields the well-known wave equation
applied to the m = 1 case, for which
is the distance (in units of frequency squared) from the resonance location r r where D(r r ) = 0. The angular velocity of the disk, which differs slightly from Keplerian, is to be found from the unperturbed radial force balance,
The solution to equation (4) is a spiral wave having the form
where the integration proceeds across the disk in the direction of wave propagation and the integration limits depend on the boundary conditions adopted. The radial wavenumber and vertical forcing function are
respectively. The vertical accelerations due to the secondary are
(e.g., Shu 1984) , where the Laplace coefficients that appear in the potential expansion are defined by
with r/a. The vertical forcing function is thus
where l s M s /M p and l d G/r 2 = r 2 /M p are the masses of the secondary and disk normalized to the mass of the primary, M p . Radiative boundary conditions require that s k = sgn (k) (see Shu 1984) , so equation (8) indicates that bending waves propagate in the region of the disk where D(r) ' 2(s s À s) < 0. In many (but not all) cases, |s| decreases with distance from the corotation circle at r = a. Thus, nodal bending waves usually propagate radially inward from a secular resonance that lies interior to corotation, and outward from an exterior secular resonance. The waves' group velocity is
(Toomre 1969), so an interior secular resonance generates s k = +1 trailing waves, while an exterior secular resonance launches s k = À1 leading waves. Recall that the pattern speed has ps < 0, so the spiral pattern rotates in a retrograde sense, whereas from equation (2) we see that all other first-order resonances (l = m AE 1) are prograde. In Figure 1 , the locations and wave properties for m = 1 and m = 2 are contrasted. The inner and outer VRs (designated I and O) fall where Ç /m = ps ; corotation resonances (designated C) occur where (r) = ps . For m = 2 (Fig. 1a) , the fast and slow pattern speeds from equation (2) are 3 s /2 À s s /2 and s /2 + s s /2, respectively (dotted horizontal lines). For the faster pattern, VRs occur at ( % 3 s , r IVR % 0.48a) and ( % s , r OVR % a); for the slower pattern, at ( % s , r IVR % a) and ( % s /3, r OVR % 2.08a). Trailing bending waves propagate away from corotation at each VR, and the region of the disk between I and O is evanescent for that pattern speed. By contrast, for m = 1 (Fig.  1b) , the fast and slow pattern speeds are 2 s À s s and s s < 0. Inner and outer VRs fall where Ç = ps , or s = ps and À s/2 = ps /2. For the faster pattern there is no IVR, because s < 0 while ps > 0. However, the corresponding OVR is still in the vicinity of the planet, ( % s , r OVR % a). For the slower term, the pattern speed is much slower and negative. In Figure 1b , the magnitudes of |s s | and |s| are shown schematically, with |s| increasing as the planet is approached. The IVR is where s = s s , the site of a secular resonance. This could occur on both sides of the planet's orbit. However, there is no CR or OVR for a negative pattern speed.
Most of the contribution to the integral expression for the wave amplitude, equation (7), is due to the disk material that lies within about a wavelength of the resonance. If the waves are tightly wound, then the forcing function is nearly constant across the wave generation zone and may be pulled out of the integral. This is only marginally true for nodal waves, but we nonetheless make that assumption for convenience. Also, the wavenumber can be linearized as k = k 0 x, where k 0 = Às k r d(D/2G)/dr ' s k (ds/dr)/l d is evaluated at resonance and x (r À r r )/r r is the fractional distance from resonance r r . In this approximation, the wave amplitude becomes
where Às k x(r r |k 0 |/2) 1/2 is roughly the distance from resonance in wavelength units. All other quantities are to be evaluated at resonance, while the lower integration limit can usually be extended to À1 with little error. The complex quantity in brackets has a magnitude51 far upstream into the nonwave side of the resonance, where 5 À1, and has a magnitude that approaches 1 downstream of the resonance, where 5 1. The disk's forced inclinations thus approach
downstream of the resonance, where r r r /a.
Orbit Evolution
The generation of bending waves requires the transfer of angular momentum between the secondary and the disk, which in turn causes the secondary's orbit to evolve. This may be assessed from the secondary's Jacobi integral 
(cf. BGT84). Note that because ps = s s < 0 where |s s |5 s , Da/a $ (Às s / s )DI 2 s , that is, the semimajor axis is relatively unaffected by the nodal wave. This is not unexpected, given that we are dealing with a secular resonance, and is another distinguishing characteristic when compared with (m > 1) VRs with faster pattern speeds.
The density of angular momentum transported by spiral bending waves is j = m 2 ( ps À )|H| 2 /2 (Bertin & Mark 1980) , so the total flux of angular momentum that waves deliver across a ring of radius r is
Since the secondary is the source of this angular momentum flux, _ L L s = Àsgn( j)|F|; for m = 1, ps = s s 5 , j is negative, _ L L s is positive, and the inclination decays. Inserting these quantities into equation (15) yields the rate at which this resonance damps the secondary's inclination,
We note in passing that Ward & Hahn (1998) investigated the closely related phenomenon of spiral density waves launched at an apsidal secular resonance. This resonance lies where the precession, g = d! !/dt, of the disk's longitude of periapse! ! matches the corresponding precession rate of the secondary, g s , and horizontal waves are excited in the disk similarly to equation (14) but instead proportional to the secondary's eccentricity. The generation of these waves will damp the secondary's eccentricity, e s , at the rate
which revises the rate given in Ward & Hahn (1998) to account for an omitted factor of 1 2 . This rate was also found by Tremaine (1998).
Fate of the Waves
An important assumption implicit in equation (17) is that the waves propagate out of the resonance zone without return. We first check to see if |k| À1 remains larger than the disk scale height, h % v disp /, where v disp is the particles' dispersion velocity; this is a necessary condition for the propagation of long waves. From the dispersion relationship, |k| $ (|s s |/G)(1 À |s/s s |) k * (1 À |s/s s |). The wavenumber initially rises as |s| drops, but it then changes more slowly as k * $ r À1 (|s s |/l d ) / 1/r 3/2 . Accordingly, the product k * h $ v disp |s s |/G. For a particle disk in collisional equilibrium, v disp is comparable to the escape velocity, v esc $ (8G/3) 1/2 R % 10 2 [R/(1 km)] cm s À1 , from individual particles of characteristic radius R. Thus, the product
For cases of interest such that |s s |/ r and l d (r r ) are not too different, inward-traveling waves are supported by the disk, whereas outward-traveling waves may eventually violate the criterion as decreases sufficiently with distance. On the other hand, solid-body accretion becomes slower with distance, making it likely that the characteristic particle size R will decrease as well. There is a minimum dispersion velocity of v crit % G/ required for gravitational stability of the particle layer. If v esc drops below this, then collective gravity sets the velocity dispersion and k * h ! |s s |/ / r 3/2 , which is independent of and approaches unity only at very large distance, r Q /r r % ( r /|s s |) 2/3 . We restrict our attention to disks that do not extend that far.
If there is a physical edge to the disk, r d < r Q , that can reflect nodal waves while they are still long waves (i.e., k ! Àk, c g ! Àc g ), they will return to the resonance, where their angular momentum flux is reabsorbed by the planet (Tanaka, Takeuchi, & Ward 2000; Goldreich & Sari 2003; Ward 2003) . In the absence of dissipation, the net torque shuts off and the inclination no longer decays. 2 This requires a fairly sharp drop in density, that is, |d ln /d ln r| 4 r|k| / 1/r 1/2 , but may well be the fate of inward-propagating waves if they encounter interior regions already depleted by other forming planets. On the other hand, outwardtraveling waves can travel much farther, and if these waves dissipate over the round-trip, equation (17) remains valid. In a disk of low optical depth, the most likely source of dissipation is nonlinear effects; that is, waves will break when |k| À1 becomes comparable to the wave amplitude H (e.g., Shu 1984) . From the wave-amplitude equation (eq. [14] ) and the conservation-of-action equation (eq.
[16]), we can write |H| = (|F |/Gr) 1/2 / $ r r sin I d ( r /)(r r /r) 1/2 , so that the product |kH| ! sin I d [|s s |/l d (r r ) r ]( r r r /r) 2 . At some point, the disk must have a region where the surface density ramps down faster than r À2 to avoid mass divergence. However, the more remote the region, the larger the density gradient necessary for efficient reflection. If this is not attained, the waves penetrate the region with |kH| / (r) À2 increasing faster than r 2 , so that the waves eventually become nonlinear and dissipate; it is this case that is considered in the remainder of the paper.
SECULAR RESONANCE SITES
Further progress requires locating the resonance, which is the site where the disk's nodal rate matches the planet's rate: s(r) = s s . Unlike mean motion resonances, the location of a secular resonance is sensitive to non-Keplerian aspects of the potentials. Thus, careful treatments of the precession rates of both secondary and disk are required.
Precession of the Disk, s(r)
The potential of the perturber affects both the vertical
where K (GM p /r 3 ) 1/2 is the usual Keplerian frequency, with M p being the primary's mass. Assuming s5 , s = ( 2 À 2 )/( + ) % ( 2 À 2 )/2. The secondary increases the vertical frequency slightly more than it does the orbital frequency, and consequently the nodes regress at the well-known rate
What about the mass of the disk itself? Clearly, its selfgravity can also affect both its vertical and azimuthal frequencies. Replacing the mass of the secondary with the mass of a disk annulus, M s ! 2r 0 dr 0 and a ! r 0 , the form of equation (20) 
(e.g., Shu 1984) . Rewriting the bracketed quantity as b
3=2 )H(r), the second term leads to the same contribution to 2 as equation (22) and therefore does not alter 2 À 2 . In the first integral, however, b ð1Þ 3=2 is very strongly peaked at ( 0 = 1, r 0 = r). This is the term that leads to the first derivative in equation (4). At very small x = (r 0 À r)/r, any thickness h = h 0 r to the disk cannot be ignored. We soften the Laplace coefficients by adding h 2 to the denominator of equation (10) 
The first term acting alone would contribute an additional term of order ÀG/h to the disk's precession rate. This would pertain if adjacent parts of the disk were either unperturbed, H(r 0 ) = 0, or uncorrelated (e.g., Ward 1981). However, because nearby disk material executes very similar motion in the coherent wave, the second integral is of comparable importance (A. Toomre 2002, private communication) . 3 It can be evaluated through residue theory 4 as À2GH(r + ih)/h. If h5 r, we can replace H(r + ih) with its Taylor expansion, so that to first-order accuracy,
À2G
Z 1
À1
Hðr 0 Þ À HðrÞ
The result becomes exact in the limit h ! 0 and simply recovers the first term in the wave equation (eq.
[4]). We conclude that, aside from this term, the self-gravity of the disk is negligible compared with the secondary in its effect on its own precession rate, s(r).
Precession of the Secondary, s s
In order to ascertain the effect of the disk on the precession of the planet, we will employ a direct approach of deriving the reaction forces on the planet by integrating over the perturbed disk. The gravitational potential due to the interaction of the secondary M s with a disk mass element m = r dr dh is
, and the indirect term has been omitted because it contains no secular contribution (e.g., Brouwer & Clemence 1961) . The resulting forces on the planet are
Assuming z and z s are small, they are ignored in the denominator, which can then be Fourier-expanded as
Integrations of F r and F over h (i.e., dF i R 2 0 F i dh) are easily done to find the forces due to an annulus of the disk,
Consequently, there is no dependence of these forces on the angular position of the planet, h s , to lowest order in z. The 3 A similar result was found by Ward & Hahn (1998) for apsidal waves, wherein the effect of the perturbed disk potential on precession of a test particle almost cancels that of the unperturbed disk potential. 4 Analytically extend H(z) to the complex plane and choose a semicircular integration path with its base on the real axis and the return path on the +i side. The denominator can be factored as 1/ (z À r + ih)(z À rÀih) with two singularities, but only one (z = r + ih) is inside the contour. Thus, Cauchy's integral theorem, H f(z)/(z À a)dz = 2if(a), leads to the desired result. vertical force
is more subtle, however, owing to the dependence of z on h À h s . The vertical motion of the planet is z s = Re (a sin I s exp [i(h s À s s t)]). Substituting z = Re (H exp [i(h À s s t)]) into equation (30) 
where H is given by equation (13). The quantity dF s can be written simply,
To determine the effect on the orbit, we can use Gauss's form of Lagrange's equations: 
is the acceleration perpendicular to the orbit plane. One can see that the first term in dW will not contribute to hd _ I Ii when averaged over the planet's orbit, but it does contribute an amount 
The imaginary part of H occurs mostly near resonance, as the nodes of the disk material rotate with the waveform. Integrating equation (13) radially over the disk, it becomes
To evaluate the double integral, we make the coordinate transformations u = ( + )/ ffiffi ffi 2 p and v = ( À )/ ffiffi ffi 2 p , yielding
where (v) denotes the Dirac delta function. The factor of 1 2 comes from the fact that we only have half of (v) in the range of integration. Combining equations (37) and (38) with equations (11) and (36) and the definition |rk 0 | = |r ds/dr|/l d then recovers equation (17) for dI s /dt. The purely imaginary value (due to Z s ) for equation (38) seems to imply no contribution to s s , leaving equation (35) unopposed. But this is due to our neglect of any variation in Z s and its removal from the integral. Again, the rationale for this was that most of the imaginary contribution occurs near the resonance. This is not so for the real part; ignoring the lead selfgravitating term in equation (4) 
This expression no longer diverges as the planet is approached, that is, hds s i ! À2s s (l d /l s )dr/a. Note that this is positive, so that the near parts of the disk try to advance the planet's node. This is because the nonwave solution describes disk annuli that are forced to align with the planet; on the far side of the resonance, the situation is reversed. Equation (40) has a singularity at s = s s , an unphysical result because this is the region where the self-gravity organizes the motion and prevents divergence. Nevertheless, we can use this expression to crudely estimate the contribution to s s by integrating over the disk and taking the principal value of the integral:
Using equation (21), again adopting the asymptotic form for b
3=2 % 2/(x 2 + h 02 ), and evaluating all other quantities at r = a, equation (41) becomes
The 
The disk itself can provide the necessary precession for equation (43) (42) yields a small nonzero value, but the overall effect of the disk is small.
Two-Planet Problem
Thus, for small disks the precession of a secondary depends mostly on other aspects of its specific environment. We take as an important application two mutually precessing planets, M 1 and M 2 , with relative inclination I s . In isolation, they precess at the rate 
about their combined angular momentum vector with antialigned nodes (e.g., Brouwer & Clemence 1964) , where a 1 < a 2 are the semimajor axes, l i = M i /M p , the i are their mean motions, and a 1 /a 2 . Their individual inclinations to the invariable plane must satisfy M 1 a 2 1 1 sin I 1 = M 2 a 2 2 2 sin I 2 , so that for small inclinations
where i 6 ¼ j. Now add a disk whose unperturbed orientation is in the invariable plane. Because there are two perturbers, equations (11) and (22) is plotted for two example problems described in x 4, wherê l l ¼ l 2 =l 1 . At each planet there are local maxima of order |s| % l i /2h 2 4 |s s |, so that the curves are strongly peaked at these positions. Resonance occurs when the curve passes through unity; thus, there should be a resonance both interior and exterior to the pair. 5 Concentrating on the external resonance for specificity, and adopting a situation in which Laplace coefficients of can be approximated by a power of r as above (i.e., 5 1), so that s s % À 
4. DISCUSSION
Applications
Consider first the case where l 1 1/2 4 l 2 , for which equation (46) nearly reduces to equation (11) and the 3/2 5 One can show, however, that there is no resonance between the two planets because the ratio s/s s never drops below unity for a 1 < r < a 2 . (44); the precession of disk particles, s, is found from eq. (46) and diverges as each planet is approached at 5 and 15 AU. Secular resonances occur where the curves cross unity, i.e., s/s s = 1; there is one interior and one exterior to the pair.
